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1 Introduction 

Quite recently, the authors of reference |J have determined the local counterterm 
to the effective action which allows one to shift the Weyl anomaly to the factorized 
(i.e. chirally split) diffeomorphism anomaly (as defined on an arbitrary compact 
Riemann surface without boundary). This result was then explored || to prove 
the existence and holomorphic factorization of partition functions viewed as func- 
tionals of Beltrami coefficients (the latter parametrizing the space of conformal 
structures). A natural question to ask is whether these results also hold in su- 
perconformal field theory and in the present paper, we address these issues and 
extend the analysis [IJ in a supersymmetric way. 

Let us be more concrete and present an outline of the paper. The arena we 
work on is a compact super Riemann surface (SRS) SS without boundary^ ||. 
We start from the super Weyl anomaly, ^4vy[^]? which depends on the super- 
vielbein fields and on the Weyl ghost Q || ||. Furthermore, we consider the 
chirally split form of the superdiffeomorphism anomaly, .Ad[C z ] + c.c, which de- 
pends on the super Beltrami coefficients and on the ghosts C z , C z parametrizing 
supercoordinate transformations || J?|. The main goal is to determine the local 
functional Ti oc whose BRS variation sT[ oc relates these anomalies (thus proving 
their equivalence): 

AwM + sT loc = A D [C Z ] + c.c. . (1) 

We start from the Wess-Zumino (WZ) action for the super Weyl anomaly || 
and successively construct the three local counterterms contributing to r^ oc . The 
first and third of these terms represent the supersymmetric generalization of the 
Liouville counterterm and of the Verlinde action || [|TJ, respectively. The latter 
functional admits various applications in conformal field theory [§] Q @ an d 
plays a role for the field-theoretical realization of P^-algebras || . 

While the construction of the super Liouville counterterm does not pose any 
major problems, the remainder of the calculations is technically very complicated. 
For this reason, the corresponding details have been deferred to appendix C. 
Remarkably enough, the results take a compact and transparent form after their 
projection to component fields in the WZ-gauge (section 9). We conclude by 
commenting on the applications of the results to superconformal field theory. 

In appendices A and B, we elaborate on the approach [|10j to SRS's and 



superconformal models; the corresponding results are applied in the main body 
of the text and are of independent interest as a complement to the study [ p~0f| . 
Although we rely on the latter work for the parametrization of superconformal 
structures, we would like to mention that other approaches have previously been 



considered by various groups fTl"l|-||l"3 



1 Actually, we will only consider supercomplex structures satisfying Hg z = - see section 3 
- because the chirally split superdiffeomorphism anomaly is only known in this case for higher 
genus surfaces fl. 



As to our notation, we label the local coordinates on SS by (z,z,6,6). The 
canonical basis of the tangent and cotangent spaces are, respectively, denoted by 



D = D, 



d + 9d z 



D u 



d = a 



and c.c. 



and by 



e z = dz + 6d9 



e e = dd 



and c.c. 



(2) 



(3) 



In conclusion, we recall that the canonical 1-forms e z and e e satisfy the structure 
equations 

de z = -e e e e , de e = . (4) 



2 Vielbein fields and super Weyl anomaly 



The basic variables of supergravity are the supervielbein 1-forms E A [H]. In a 
light-cone type basis in two dimensions, we have (E A ) = (E ++ ,E ,E + ,E~) 
which quantities can be expressed in terms of super isothermal coordinates 
(Z, Z, 9, 6), e.g. for the spatial components 



E~ 
E- 



<5^ + exp(a) 
8 z~ exp(o-) 



e Z pz 
e 2 Pz 



(5) 



Here, e z and e z are the canonical 1-forms and a is a scalar superfield |T5 ]. Thus, 
the "supermetric"F| is given by 



ds 2 



E ++ E- 



e Z e z (p zP z 



e Z e z p zz 



Under an infinitesimal super Weyl rescaling with parameter Q, the conformal 
factors pz and pz transform according to 5npz = &Pz, 8nPz — ^Pz- 

The only independent field strength of the theory is a scalar superfield S 
containing the scalar curvature of space-time among its components. The field S 
transforms as [I5| 

5 a S = -nS - 2V+V_fi , 

where V + and V_ are the spinorial components of the Lorentz-covariant deriva- 
tive in superspace. 

The super Weyl anomaly Aw and the associated WZ action Tw have the 
form HI 



K d A z EVtS 
Jss 



Aw[V,E] 
T w [(f),E} K f dS £ { (V+0) (V_0) + Scf)} 



(6) 



SnT w [(p,E} 



A W [Q,E] . 



2 For the definition and interpretation of a supermetric, see the remarks in references pi 



Here, K is a constant, E = sdet (E A f) and is the Goldstone superfield trans- 
forming as Sq(J) = —Q. 

If we express the functionals (^j) in terms of isothermal coordinates, we obtain 

A w [Vt,E] = -K f d A Z QDeDelnp Z z (7) 

IV[0,£] = -if / rf 4 Z {<P(D e D^) + <P{D e Dv In p^) } , 

where .De = <9e + @dz and -D@ = Dq belong to the canonical tangent space basis. 

3 Beltrami coefficients and superdiffeomor- 
phism anomaly 

An atlas of superconformal coordinates (Z, Z, 6, 6) on SS defines a supercom- 
plex structure or, equivalently, a superconformal class of vielbein fields. These 



structures are parametrized by Beltrami coefficients H§ z ,Ho z (and c.c), see [10 
and references therein. The parametrization is described by choosing a refer- 
ence coordinate system, denoted by small coordinates (z,z,9,9), and expressing 
the canonical 1-forms of the coordinate system (Z,Z,Q,Q) with respect to the 
corresponding 1-forms of the reference coordinate system JT0| : 



e z 



e e 



e z + e z H z + e u H e z + e y H. 



A-. 



e z + e z H z + e°H e z + e" Hf r 2 w + e y H g ° + e z H» + e ti H, 



(and c.c). By fiat, the 'if' are inert under super Weyl transformations. The 
structure relations for e z ,e z ,e ,e ( i.e. eqs.(f§) as written in terms of capital 
coordinates) imply that all the 'if' depend only on two independent ones, namely 
H§ z ,Hq z (and c.c). Moreover, these relations imply that A is an independent 
factor (satisfying a linear differential equation given below) and that r depends 
on it and on the l H\ 

As discussed in reference [TO], the restriction of the geometry where Hg z = 
(and c.c.) is compatible with superconformal changes of coordinates, but it 
implies that the superdiffeomorphism group has to be restricted to a subgroup 
leaving this equation invariant. At the infinitesimal level, this restriction is given 
by the relation 

C e = ~ DC Z and c.c. , (9) 

where 

C z = E z + E~ Z H- Z Z + E e H e z + E S Hf (10) 

C e = ~ e H e e + ~ Z HJ> + E S H § e 



A z 



parametrize superdiffeomorphisms generated by the vector field 

2-9 = E z (z,z,9,9)d z + E*(z,z,9,9)d- Z + E e (z,z,9,9) D e + E s (z,z,9,9) D e 



For convenience, we summarize the relations which hold for Hg 

r = DVX , H e e = 1 , 
H/ = (D - Hf8) Hf + (H § e ) 2 



He 



2 e 



- DH, 
2 



z = : 

and c.c. (11) 
and c.c. 



The integrating factor equations (IFEQ's) satisfied by the factor A then reduce 
to 



(12) 



the second equation being a consequence of the first one. 

Under an infinitesimal superdiffeomorphism generated by the vector field S-<9, 
the coordinates (Z, Z, G, 0) change according to 



' D - 


- Hfd - 


H s e D] A = 


= {dHf)A 


'8 - 


- H/a - 


h/d] a = 


= (9H/)A 



s q = c z t + c e VX = c 

sZ = C Z A - 0(s0) = C z 



QsQ 



and c.c. 
and c.c. 



(13) 



Here and in the following, we assume that the '5' and 'C are ghost fields and that 
V is the BRS differential^. For Hq z = 0, the '2' are restricted by the condition 
(PD and the induced variations of Hq z ,A and C z read 



sH- e z = 


D - Hfd + \{DHe z )D 


sA = ( 


d{C z A) + -{DC Z )DA 


sC z = - 




C z dC z + \{DC z f 





C z + {dH s z )C z 



(14) 



We note that the transformation law of A can be rewritten by virtue of the IFEQ 
(IDas 

sA = E-dA + NA (15) 

where 

N = dE z + (dE~ z )H- z z + (dE § )Hg z . 



3 The s-operator is supposed to act from the right; the BRS-algebra is graded by the ghost 
number, the Grassmann parity being s-inert. 



On a SRS with Hg z = 0, the chirally split form of the superdiffeomorphism 
anomaly is given by @ 

A D [C Z ,H S Z } + c.c. = — / d 4 zC z \d 2 D + 3'Jl ze d+(D'Jl z e)D + 2(&Jl ze )]H § z + c.c. 

2 Jss L J 

(16) 

where the superfield TZ z q(z,8) is the component of a superprojective connection 

0. The WZ consistency conditions for the anomalies (^) and ([16|) read 

s^[^, P ,iy/] = o = s^fc^if/] . 

Here, the s-operation is defined by eqs.fll^D-fll^D and by 



sQ = 


= E-dQ 


Spz = 


= Qp z + E-dp z + Np 


SPz = 


= Vtp- Z + E-dp z + N p 


ft*e = 


= = sTZ- z§ 



(17) 



with 5 subject to eq.(H) and p z ,p z related to pz,Pz D Y 

Pz = A/ Pz , Pz = A/ Pz ■ (18) 

Since we are dealing with generic SRS's (with Hg z = 0), a comment should 
be made concerning the transformation laws of the basic variables under super- 
conformal changes of coordinates (z, z, 8, 9) — > (z', z', #', 9'): these laws are given 
in terms of e~ w = DO' with Dw = and they read 



(19) 



where S denotes the super Schwarzian derivative. 

4 Liouville counterterm 

The WZ-action for the super Weyl anomaly is invariant under superdiffeomor- 
phisms and therefore the last of eqs. @ can be rewritten as 

sTw&E] = -A w [to,E\ , (20) 

where s is defined by the equations given above and by 

s0 = -Q, + E-d(p . (21) 



{He")' - 


= e™e~ 2w H s z , (C z )' -- 


= e~ 2w C z 


(Pz)' - 


= e 2w p z , ( Ps )' - 


= ^ p- z 


(K z6 y -- 


= e 3w [TZ ze -S(z',e';z,9)} , 





The superfunction can be expressed in terms of the superconformal fields p z , p z 

° ° ° 

introduced in eg. dig) and some background fields P Z ,P Z which are s-inert (s P z = 

= s°p z ): 

2(j) = In p zS - \np zz = In p zz - \np zz . (22) 



O O 



Here, P zz = P z P z , p zz = p z p z and P z , p- z are related to p z , p z as in eg.(|T8|). 

The Liouville counterterm is obtained by substituting eg. (|22|) into the expres- 
sion (|7|) for the WZ-action : 

o 

T Liouvi ii e [p,H;p} = T w [(j),E] (23) 

= T J d ^ Z { \ ln Pzz ~ \n°p zz ) D e D® (lnp zz - \np zz 



+ 2 {In p Z z - hi Pzz) DeDe [In Pzz 

To evaluate the response of this functional to the s-variation induced by the 
transformations fll3|) , we use the method outlined in appendix A of reference 
from which it follows that 



s {d A Z) 
sd z 



d A Z [d z C z - D e C e + c.c. 

(d z C z )d z + (d z C z )d z + (d z C e )D @ + (d z C e )D^ 

(D @ C z )d z - 2C e d z + (D e C z )d 2 + (D @ C e )D @ + {DqC®)Dq 



Here, C z and C are the parameters introduced in egs. 
previous relations and 



we find that 

° J- Liouville ~~ 



c z d z + C e D e 



K 



c.c. 



E-d 



By virtue of the 
(24) 



■A w [n,p 7 H] + ^ I d A z 



~-d\np zz + N + N 



DqDqIuPzz- 

(25) 

The first term on the r.h.s. is the super Weyl anomaly and the second represents 
the non-chirally split form of the superdiffeomorphism anomaly : this term cor- 
responds |L7| H to a Weyl anomaly with p replaced by P and Q replaced by the 

o 

compensating value Vt comp which is obtained by setting p = p in the s-variation 
of hip (see eqs. (|T7|) ) : 



n 



comp 



1 

"2 



E-d\nP zz + N + N 



and c.c. 
and c.c. 



5 Passage to a chirally split expression 

The next (and most difficult) step consists of establishing a link between the 
integral on the r.h.s. of eq.(|2lS|) and a holomorphically factorized expression. 
This process involves the passage from the capital to the small coordinates and 
is technically very complicated. Therefore, we will only summarize the results 
and defer all details of the derivation to appendix C. The main ingredient of 
the calculation are the so-called 'intermediate' or 'tilde' coordinates (z, z, 9, 9) = 
(Z,z,Q,9) which mediate between the small and capital coordinates flQ| . The 
relevant equations are presented in appendix A and here we only note that these 
coordinates are not related to each other by complex conjugation. 

By virtue of eqs.flTBD, (23), (|12j) and (|T0|), the integral in eq.fl2~5|) can be rewrit- 
ten as 



d 4 Z 



SE 



E-d\nP zjS + N + N 



D @ DQlnp Z z 



d 4 Z 



SE 



C z d z + C°D e + c.c. \np zz (26) 



+ 



A 



(dC z )+C e (DlnA) + c.c. 



D @ De\nP zz . 



The variables C e and C @ depend on the derivatives of C z according to eq.(|]) from 
which it follows that 



C 



e 



1 



DC Z 



-DC Z 
2 



2\/A 

r D e + (k e g L)d 2 + (h*T + k e WL)D B 



C 2 



(27) 



Here, the coefficients 'fc' and the factors L, T describe the passage from the tilde 
to the capital coordinates, see appendix A. As outlined in appendix C, the last 
equation and integration by parts allow us to recast the integral (|26"D in the form 



d^Z C Z D* 



SE 



e 



lo N Dk- e ~ 



7e 



-{D-kfd) 



f28) 



7© - -(k 9 ~ z L)(D^ @ ) 2 + c.c. 



where 

7 = D e \n°P zz . (29) 

From (p!8|), ( p~2|) and the explicit form of the '/c', one concludes that the expression 

o o 

(|29|) is related to the background connection 7e = D In p z2 by 

1 



7e 



(G - D\nA 



(30) 



where G equals 7e plus a contribution which does not depend on the integrating 
factors A, A. Explicitly, 



G 



1 B - ViH e z + (VAk, 



ViH§ z - H s z (ViH/) - #/(V?F/)i31) 

7 7 7 



+ (VAk 



7 2 TT Z\ 



ViHS - HJ (ViH z z ) - H," (ViH e z 



with kg , k e z given by eqs.(p2|) and V being the superconformally covariant deriva- 
tive introduced in reference 171 : 



VoF p = (D--pl e )F p 



V 2 Z F P = Vo(VoF ? 



7 7 



(32) 



(F p = conformal superfield of weight p in the (z, #)-sector, e.g. C z has weight 

'-2'). In fact, eqs. (|19D imply that 7e transforms like a (non-holomorphic) super 
affine connection under a superconformal change of coordinates: 



7e 



le + 2 (D«j) 



(33) 



Further use of the relations in appendix A yields the following expression for 
the integral (53): 



s^B{^-{w-^)" + VXk ^ 



BG - V%H- Z 



+ VXk/^/j 2 +c.c. 
(34) 



Here, Vg denotes the superconformally covariant derivative w.r.t. G and the 
quantity 



* - ^{[DG + VlHe 

K e 

= ±{{dDH § z + k § - z dDH s 



BG - V%H/\ } 
1 



(35) 



dH s 



h z dH, 



G + (D-k s z d)G\ 



is independent of the integrating factors A, A. Thereby, the integral ([34]) also has 
the property that it does not depend on A and A; this is a crucial point, since 



these factors are non-local functionals of Hg z by virtue of the IFEQ's (fjjj). 

To summarize the derivation of this section, we have shown that the second 
term on the r.h.s. of eq.(^) has a chirally split form in the sense that it represents 
a linear functional of C z plus its complex conjugate. In the next section, this 
expression will be related to the chirally split superdiffeomorphism anomaly. 



6 Passage to the chirally split superdiffeomor- 
phism anomaly: the second counterterm 



By substituting eqs. (|3~l~D and ( j35|) into fl34]), we end up with the following expres- 
sion for the integral on the r.h.s. of eq.(^5|): 



K d 4 zC z I- d 2 DH- e 



D-H- e z d+ l -{DH- e z )D-^-{dH- e 



Here, 



R 



Rze 



die - - le {Dl e ) 



R } + c.c. + M 
(36) 

(37) 



represents a smooth superprojective connection |7j and we have only specified 

o 

contributions coming from the leading term 7e of G; all other contributions are 
included in the quantity M, the latter being lengthy and not very illuminating, 
cf. appendix B. 

Let us now consider the supersymmetric generalization of the second coun- 
terterm introduced in reference Ifl] : 



n 



K / d 4 z Hg z (11 -R) + c.c. 



SE 



(3c' 



o o 



Here, 1Z = TZ z g and R = R z q are holomorphic and smooth superprojective con- 
nections, respectively, as introduced in eqs.([L6|) and fl3~7|). 

From eqs.fll4l)(|l6D and the s-invariance of 1Z and P zz -, it follows that 



sT n = Ad-K f d A z C z \ l -d 2 DH- e z +\d- Hid + \(DH § Z )D - \{dH^ 

(39) 
Obviously, the integrals in expressions (|36| ) and fl39"|) coincide with each other: 
combining eqs. (|25| ) (|36| ) and (j3~9| ), we get 



R> + c.c. 



Aw[tt,E] + s (T 



Liouville 



+ T H ) = A D [C Z ,H S Z ] + c.c. + M 



(40) 



7 Verlinde's functional and the third countert- 
erm 

The next step consists of determining the supersymmetric generalization of the 
Verlinde functional H on the superplane and then turning it into a globally well- 
defined action on a SRS by the inclusion of connection terms J5J. The final point 
(to be considered in the next section) is to check that the s-variation of this 



functional coincides with the quantity M on the r.h.s. of eq.(4~0D. 



To supersymmetrize the bosonic Verlinde action as denned on the complex 
plane C, we express the latter in terms of the capital coordinates of the bosonic 
theory^ : 



Verlinde 



[//,//] 



d 2 z—^- 
c 1 — flfX 



(d/j) (<9/i) 



2 

d 2 Z \{d z hx\){d z hx\) - \ 
c 2 



jx (dfi) 2 + c.c. 



A 



jj, - (d z \n\) + c.c. 
A 



Using this trick, we can immediately write down the graded generalization of the 
last expression on the superplane SC: 



^(super) 
Verlinde 



[Hg Z , Hg 



d /k Z\(De\nA)(D e \nA) + - 
sc 2 



He 



A 



(Z>elnA)(^lnA)H-c.c. 

(41) 



This functional can easily be expressed in terms of the small coordinates by virtue 
of eqs.(H) and the IFEQ's ©(H): 



[(VAk y )H s z + (VAk 6 z )H 2 z ]dH 



+ 



A 



H e ' [8H- e z - kf(dH M *) ] dH M * + c.c. 



(42) 



Here, the quantity A is a function of the Beltrami coefficients (explicitly given 
by eq.(|64|) of appendix A). Although most of the 'if' and 'fc' transform in a com- 
plicated way under superconformal transformations, it can be checked that the 
super Verlinde action ( f4"2"D becomes globally well-defined on SS, if the derivatives 
appearing explicitly in this expression are replaced by supercovariant ones (see 

eqs. (|70|) . This procedure provides the third counterterm Y IH [Hg z ,H e z ;p]: 



in 



-K / d 4 z 



(Vl , L [v^-^(v^/)i 



[1 + (VAk e 8 )H § + (VXk/)H/mH e z 



+ [ (VA k e °)H 9 * + (VA kf)H; ] VlH z 



1 

+ 2 



- H/[V 2 oH § z - k s \VlH/) } VlH- z z + c.c. 



(43) 



8 Synthesis 

It remains to show that sTjjj coincides up to a sign with the quantity M occurring 
on the r.h.s. of eg. ([TOD . Since the s-variation of Hq z (and its c.c.) are known, 



4 The latter are given in terms of reference coordinates (z, z) by dZ 
X(z,z) [dz + /j,(z,z)dz]. 



10 



there is in principle no obstruction for determining the s- variations of the 'fc' and 
of Tjjj. However, the latter expressions represent very complicated functions of 
H§ z and H e z and therefore a general solution of this problem within a reasonable 
amount of time appears to be out of reach. For this reason, we rather solve 
this problem in the WZ-gauge. The corresponding equations are explicitly given 
below and our final result reads: 

A w [to, E] + s (T LioumUe + T n + T IH ) = A D [C'\ H s z ] + c.c. . (44) 

It is unlikely that the validity of this result is destroyed by the inclusion of 
auxiliary fields which are absent in the WZ-gauge; in any case, the only possible 
modification consists of a term vanishing in the WZ-gauge (see also appendix B). 

9 Projection to component fields 

The super Weyl anomaly and the associated WZ action, as given by eqs.(H), 
are superspace integrals involving the supervielbein fields: the corresponding 
component field expressions immediately follow by application of the so-called 
density projection formula [p"T|j . 

The holomorphic superfield 1Z admits a ^-expansion of the form [7| 

n z6 = l - Xz e + 0[^r zz } , (45) 

where x an d r only depend on z and not on z. All other component fields to 
appear in this section depend on both z and z. 
In the WZ-supergauge, we have |l(| 



Hf = 6 Hi + O0{-ia 2 e ] , C z = c z + 6[ie e ] . (46) 

Here, the space-time fields \x and a denote the Beltrami coefficient and its 
fermionic partner, respectively, while c and e parametrize ordinary diffeomor- 
phisms and local supersymmetry transformations, respectively. In the following, 
we will simplify the notation by suppressing all indices on the component fields. 

O 

The ^-expansions of the (real) supermetric P zZ and of the superaffine connec- 

o 

tion 7e read 

k-z = Po + [iPx] + 6 [-i?i] + 66 [iP 2 ] (47) 

le = iV + 9T + 6T + 66[-it] . 

o o 

From these equations and the definition 7# = D lnp zE , we conclude that 

OOO O O O O-.O'XOOO o ° 

V = P!/P , r = dlnp Q , T = i{Po) [P2- -PiPi/Po] , r = dfj . 

(48) 

11 



By virtue of eg. (|3"B|) , the space-time field T transforms homogeneously under 
superconformal changes of coordinates and thereby we can choose it to vanish in 
the WZ-gauge: according to the last set of equations, this simply amounts to a 

o o 

redefinition of Pi in terms of the other components of the supermetric P z5 . Thus, 

o o 

we are left with r = T z (which represents a non-holomorphic affine connection) 

o o 

and its fermionic partner f] = Ve as well as the complex conjugate variables. 

O o -, O o 

From the defining relation R zd = | [djg — ^lg(D'yg)} and the expansion 



ke = \x + e[\r} + e[\u}+ee[- l -K} 



(49) 



it follows that 

o 

X = 



(d--r)v = x(r) 

o 1 o 2 \ o o 

(<9r--r) - -v x (r) 



r(r) 



v x {r) = t(T) ■ (50) 



Here, we introduced the functions %(•), r(-) and £(•) which may be viewed as 'field 
strengths' and which render the formulae below compact and transparent. 

The supercovariant derivatives in superspace project down to similar deriva- 
tives in space-time: 



(V2fl/)| = {d + T)n+^Va = Via 
{VlH/)\ = i[(5+if)a + (i^ + (^))Ai 



iVa 



(51) 



These expressions represent the 'field strengths' of ii and a and they appear for 
instance in the ^-component of G as defined by eg. (|31~D : 



(DG)\ 



1 



1 — iili 



Vft — iiVii 



= 9 



(52) 



The symmetry transformations of the basic space-time fields follow from the 
superspace variations (|H|), 



Sfi 



sa 



sc 



sc 



[d — fid + (<9/i) ] c + - a e 

[ 5 — ii d + - (dii) ] e + c da — - a dc 

— cdc + -€€ 

4 



(53) 



-cde 



\edc 



where we have the following assignments: 



12 



Field 


\x 


a 


c 


e 


Grassmann parity 





1 





1 


Ghost number 








1 


1 



As to the action of the s-operator, we adhere to the conventions specified in 
the footnote in section 3. The s-operator defined by eqs. (|o*3"|) is then nilpotent by 
construction. 

Substitution of the ^-expansions into our previous superspace results yields 



Ad 

Tii 

Tin 



K 

lis 



d z < c 



[d 3 + 2rd + (dr)] // + [| X d + \{d X )\ a 



[d 2 + -r]a+ [- X d + {d X )]» 



-~2 j ^ z |^(f-r)-«(x-\l[ - c.c. 



(54) 



2 h 1 



1 



H/j 



{Vn)(Vp) - l -Ji{Vtf -- ^{Vfif 



Using the s-transformations of \x and a, the s-invariance of f and V as well as 
some integration by parts, we find that 



sT 



in 



— j^d 2 Z \ (.s// )/•(//) -ril)\ - (.sn)[.v(//)-.V(D] \ ■- c-.o. 



(55) 



!/ s ^ c 



-[B-fid- 2(5/*)] [r(g) - r(f )] - [\ad + \(da)\ [ X (g) - x(f )] 
~ [rfo) - r(f )] a - [5 - ^ - ?(fy)] [ X (<?) - *(£)] 



c.c. 



where g was defined in eg. (|52|) and where x(') an d ?"(') refer to the notation 
introduced in eqs.( 



In the WZ-gauge, the expression (|34|) takes the form 



expression (34) 



d z < c 



<9> - [d-ixd- 2(dfi)] t(g) 

1 3 

+ 2*(#)1 a - [9 - ju9 - ~{dn)] x(g) 

where £(•) was defined in eq . (|50|) . Furthermore, equation (^) becomes 



1 3 

- ad + - (da)] x(g) 



— e 



c.c. 



sTn = A D + — d 2 z I i 



a 3 /i - [3 -fid- 2{d f x)) r - [-ad + ^-{da)} X 



lo 



2 2 

3 



(56) 



(57) 



[9 + o r ] « - [0 - jud - -(#//)] X 



2 J 2 

Since the expression ([56]) represents the WZ-gauge version of the integral on the 
r.h.s. of eq. (|25|) , it is readily seen from the latter formula and eqs. fl55|) fl5"T|) that 
the result (|44]) holds in the WZ-gauge. In particular, it encompasses the results 
of the bosonic theory [|TJ . 



+ c.c. 
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10 Conclusion 

By virtue of a technical tour de force, we have constructed the local countert- 
erm relating the super Weyl anomaly with the chirally split superdiffeomorphism 
anomaly (as defined on a compact SRS). This result explicitly proves the equiv- 
alence of both anomalies which expressions have been known for some time and 
discussed in the literature. As by-products of our construction, we obtained the 
non-chirally split superdiffeomorphism anomaly and the super Verlinde action 
which are of independent interest. The combination of the second and third 
counterterm can be used to derive a holomorphic factorization theorem for ar- 
bitrary central charge along the lines of reference [[| . This derivation involves a 
discussion of renormalized determinants and the index theorem for families and 
is to be discussed separately [[18 ] . 
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A Intermediate coordinates 



In the following, we recall the basic relations for the so-called intermediate or 
tilde coordinates [[II]] and we derive some useful equations which find a direct 
application in the main text. 

The tilde coordinates are introduced in analogy to the capital coordinates by 
considering smooth transformations, 



(z, z, e, e) — ► (i, I, e, ~e) = [z, z, e, e) — > (z, z, e, e 

They are not related to each other by complex conjugation. For Hg 
c.c.), we have the relations 



(and 






b 

b 



A 



d- (D\nVX)D 



d - H g 'd - H/D 

1 D 

'A 

D - Hn Z d 



Hg°D , 
by virtue of which the IFEQ's fll2|) take the compact form 

DlnA = dH § z , B\nA = dH- z z . 

Quite generally, the tilde and capital coordinates are related by |L0| 

d = d z + {k g g L)d 2 + {k z s f + k z s y/L)D B 

D e + (k $ s L) d 2 + (h e *f + fc/vT) D e 

{kit + kfVZ) d b + (ki z L) a g , 




D 

b 



or 



with 



dz 
dz 

D @ 
D B 






8 - kJd - k, e D 



1 
I 

D 



5 



T 



Lk 



VZk^ 
kfd - k e B D 

b - kfd 



(D - kfd) 



Kn 



U z — u z _ i 9 i_ 

K z — K z H z H e 

Kn = Kft Kn Kn 



(5? 



(59) 



(60) 



(61) 



(62) 
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For Hq z = (and c.c), we have the explicit expressions 

L = A A , kg" = -A' 1 (H S Z H Z Z + H § 9 H e z ) 

k B z = A- 1 / 2 A' 1 F/ , kf = A" 3/2 A' 1 (F/VA + E e z r) 

f = Af-{H Z Z H Z 9 + H z e H g 9 )VI 

kf = a-3/2^-1/2 [(h/VX - h/t) + A- 1 (H/VX + H 6 ~ z t)(H z z hJ + H z e H e e 

k e B = A" 1 / 2 A' 1 ' 2 [f/ + A' 1 H 6 * (H 2 z Hf + F/F/)" 

ki = A- 1 / 2 [l-(H/H/ + H s z Hf)-A-\H s z H z z + H § e H 9 z )(H/H z S + H 2 e H t 

where 

A = 1 - (H/H/ + H 2 e H e z ) . (64) 

The Jacobians for the transformations fl58|) and (|61| ) are given by vA and VL/kg 9 , 
respectively. 

From the structure relations 



(63) 



{Dq,Dq} — 2dz i {Dq,Dq} — 2d z , all other graded commutators = , 

(65)' 
one can derive useful relations between the '/c' and L, T, e.g. 



D 



D e kg 

( 1 s 



e 



Lk- n 

1 
I 



!-(*« 



T_ dkn 



L 2h 



ih 



1 - Dki + kfdki 



D e k e z 



kf + (k, 



0\2 



and 



D*k, 



e' 






D 



.(*« 



(V) 2 
,„, - (A;/) 2 § 

Das = k° 



D-kn' Z d) 2 



(66) 



'9' 



D & (kJ'L)-2(k/f + k M s VL) = VZ^ 



De(k 9 ~ z L) + 2(k e z f + k/VL) = -VI 



Dke 



(67) 



The IFEQ's ( p9|) allow us to evaluate .DelnA. The resulting expression in- 
volves some lengthy terms proportional to Din A and <91nA. However, these 
terms vanish by virtue of the relations between the l k' and F' and one is left 
with a differential polynomial in the 'F' (up to a factor 1/vA): 



D e In A = -±= { [l + (VXk e S )H s e + (VAl/)F, 



BH~ Z + 



[VAk/)He z + (VXk z )H- z z ] dH z z ) 
(68) 
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The complex conjugate expression immediately follows from eqs. fl6l|) fl59|) and 
131): 

1 f 1 



Agin A 



A k. 



cW - kn z OH, 



(69) 



Since the '&;' and the dependent 'fT involve derivatives of the basic variable 
H§ z , they transform in a complicated, non- homogenous way under a supercon- 



formal change of coordinates, eqs.([ 
us (like the super Verlinde action 
which transform in a simple way: 



A' 

(VXkfy 



A 



e w e -2w 



1 + (Dw) k- 6 
XL*' 



. Fortunately, the functionals of interest to 
3)) involve combinations of these variables 



(kg 9 )' = ki+ l -{Dw)A-^kf{l-HJ>H e 



(*« 



kit 



' H- e z H z d ) 
(70) 



e w e~ w 



Ak e ti ) + (Dw)(VAk, 



B Relating small and capital coordinates 

As in the main text, we consider the case Hg z = (and c.c). The particular re- 
lation between the small and capital coordinates as expressed by eqs. flSTD implies 
that a functional written in terms of the capital coordinates takes a particular 
form when expressed in terms of the small coordinates: generically, one obtains 
an integral of the form 

1 



<fz 



(h 



P(H § Z ) + kf V(H/) 



(71) 



where V(Hq z ) denotes the action of a differential operator V on H§ z . For instance 
for the super fee-system || , the authors of reference [[l(| found that 

1 



d A ZB ez D^C z 



- d"z 



(V) 2 

where s denotes the BRS operator and 



Ba 



C< 



sH s z - k- e z sH- z 



AC 2 



(72) 



Further examples are provided by the derivations in the main body of the text 
and will explicitly be given below. 

By virtue of eq. (|TTJ) , we can express H z z in terms of the independent variable 
H§ z as H 2 Z = DH§ Z — 1/4 (DH§ Z ) 2 and use integration by parts to transform 
V(H S Z ) into an expression involving V(Hq z ). Application of the relation between 
ks and k§ z given by eqs.flBTf) then yields 



(fz 



(h 



V{H 6 Z ) + HV(H- Z 



d*z V{H- e z ) + / d 4 z 



kn s 



(*, 



e\2 



(73) 
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where the second term vanishes in the WZ-gauge. E.g. the expression ( fT2| ) can 
be cast into the form 



d z B 0z sHn 



d 4 z 



(h 



DB ez --(dHf)B ez 



{sH- e z ) (74) 



and, in the WZ-gauge, this quantity equals / d 2 z { b zz sjj, + /3g z sa } where we 
used the ^-expansion B 9z = i/3g z + 6b zz + ... 

Let us now come to the examples encountered in the present paper. By 
substituting eqs. fl3T|) and fl35|) into fl34|), we end up with the following expression 
for the integral on the r.h.s. of eq.(f5|): 



K / ef z- 



ss (k 



e\2 



C z - d 2 DH § z 



+ /,y CI -d 2 DH- z z - 



D-H- e z d+ l -{DH § z )D-^-{dH- e 



d-H, z d-\(DE, z )D-\(dH- z 



R 



R 



sT 



x 



A x + c.c.l + ... . 



Here, 



A x [C z ,H f ] ee J f ** 7TJT-2 C z {[d 2 D + 3118+ (DTI) D + 2(cK)}H£*?6) 



+ kf [d 2 D + 3118 + (DK)D + 2(811)} H s * } 



and 



T x = K I d 4 z 



Hn z - ka z H, 



(K-R) + c.c. 



(77) 



ZSS " " (kg 9 ) 2 

Clearly, the expressions (ff5|) - ([f7D are all of the form (|71|). By the procedure 
outlined above, we find 



Ax 

An 



Ad + A 
K 



(78) 



h 



d A z -L- {(sH- e z )[d 2 D + 3118 + (D1Z)D + 2(dTZ)} Hi 



2 7ss (A;/) 2 

- 2C Z H § Z [(8H S Z )(81Z) - (DH s z )(dDll)}} , 
(where Ad is the chirally split superdiffeomorphism anomaly, eq.([l6])) and 
T x = — Tu — T P 

Fp = K / ss d 4 z M- [b(K - R)H 5 Z -\(K- R)[H f (dHf) + \{DHf)*\ 

where Tjj represents the counterterm introduced in eq . (|38|) . Furthermore, the 
integral in eq.(75) can be rewritten as 



(75) 



c.c. 



(79) 
+ c.c. , 



K / d 4 z C z l - 8 2 DH S Z + 

1 



D-H- e z d+ l -(DH- e z )D-*-(dH- e 



R 



JO) 



+ K d A z — V- (sH, 

Jsn (k/) 2 K ' 



■ > - d 2 DH s z + 



D-H B z 8 + \(DH s z )D-*-(8H s 



R 



where the first contribution is the one specified in eg. (|36|) . 



C Technical details 



In this appendix, we provide some computational details for the derivations of 
section 5. 

From eqs.fl2|), (|65|), (|27|), (§(]), flT|), © and integration by parts, it follows 
that the expression ( f26|) can be rewritten (up to the 'c.c.' contribution) as 



SE 



d^Z C z Dq 

1 o 

-2 7e 



d + [D d (k M 'L)-2(k M T + k M WL)]D 



e 



7e 



D - [De(ke 2 L) + 2 (fo*T + fe/vi)] ^e J 7e - ^ ( fc e^) (^©Te) 2 



Next, substitution of ( |57| ) and (|60| ) into the previous integral yields the expression 
( |28|) (up to the c.c). 

The passage between eqs.(|29|) and ( |30| ) gives rise to complicated expressions 

o — o — — — — 

which are proportional to J§, -D7#, D In A and d In A, respectively. Each of these 
expressions can be shown to vanish by virtue of the relations between L,T and 
the '&' which follow from the structure equations. 

The derivation of eq.([34|) from (|28|) relies on the formulae (|66D and on the 
commutation relations between Dq and the tilde derivatives. 
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